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Abstract
 One of the most effective ways for improving the flexural 
strength of RC members consists in bonding FRP laminates 
at their soffit in order to upgrade the existing tensile strength. 
Strengthening RC beams by Externally Bonded FRP laminates is 
getting more and more common and various Codes of Standards 
have been issued in Europe, United States and Japan. In particular, 
the most up-to-date document has been released in Italy one year 
ago.
 A key problem to be faced when managing FRP strengthened 
beams deals with the possible premature failure due to debonding 
between the adhesive layer and concrete, which can occur at the 
beam end (end debonding) or in the cracked zone (intermediate 
debonding).
 In the present paper, a mechanical model considering non-linear 
stress-strain relationships for concrete, steel and FRP-to-concrete 
interface is presented, with the aim of simulating the behavior of 
RC beams strengthened by externally bonded FRP plates. 
1. INTRODUCTION
 In the last years huge research efforts have been carried out 
for understanding the behavior of reinforced concrete beams 
strengthened by externally bonded FRP. The main subject of these 
studies is the mechanical characterization of the FRP-to-concrete 
adhesive interface. 
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 Different contributions about this topic have been summarized 
and compared in Chen & Al. (2001). Roberts (1988) provided a 
simplified model for evaluating interface stresses in FRP (or even 
steel) strengthened beams; simplified equations for evaluating 
shear and normal stresses throughout the FRP-to-concrete inter-
face have been provided by assuming linear elastic behavior of 
the adhesive interface. Similar relationships, even obtained under 
simplified hypotheses for the interface behavior, have been pro-
vided in Malek & Al. (1998); the authors showed, even through 
experimental and numerical comparisons, that such simplified for-
mulae usually result in a close approximation of the complex stress 
patterns which develop throughout the FRP-to-concrete interface.
 The above mentioned papers mainly deal with interface stress 
distribution in the elastic range, which is an aspect of concern 
for serviceability conditions. Premature loss of bonding between 
FRP and concrete needs to be studied by considering a suitable 
non-linear relationship between interface stresses and strains. 
Holzenkaempfer (1994) proposed a bi-linear relationship between 
shear stresses and interface slips; based on such model, Taljsten 
(1997) determined the expressions of the ultimate bearing capac-
ity of FRP-to-concrete joints.
 Further studies have been devoted to end and intermediate 
debonding occurrence, but nowadays definitive solutions have not 
yet reached. Nevertheless, various proposals have been derived 
from simplified mechanical models and calibrated making use of 
the experimental results available in the scientific literature (Teng 
& Al., 2002).
 Some of the findings of these studies have been also utilized in 
the following Code of Standards issued in various countries:
• fib bulletin 14 (2001) in Europe;
• ACI 440 (2002) in the United States;
• JSCE Recommendations (2001) in Japan;
• Italian Code CNR DT 200 (2004).
 In the present paper, a numerical model is firstly presented for 
simulating the behavior of reinforced concrete beams externally 
bonded by FRP materials. The model is based on a similar one 
proposed by the authors for steel-concrete composite beams ac-
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cording to the well-known Newmark approach (Newmark & Al., 
1951) which considers two Bernoulli beams connected by means 
of a linear behaving interface. Interface slips between reinforced 
concrete beam and FRP plate or fabric are considered and, con-
sequently, a well-established non-linear shear stress-slip law is 
introduced. Moreover, non-linear stress-strain relationships are 
utilized for modeling the other structural materials and a com-
pletely non-linear analysis procedure is obtained by means of a se-
cant approach; such non-linear procedure allows reproducing the 
whole structural behavior up to failure which can be due to FRP 
tearing, concrete crushing or interface debonding. The present 
study is mainly focused on debonding failure which can occur at 
the FRP-cut-off section (end debonding) or throughout the FRP-
to-concrete adhesive interface (intermediate debonding).
2. THE THEORETICAL MODEL
 In the present section an analytical model is presented for sim-
ulating the composite behavior of FRP-strengthened RC beams. 
On the basis of such a model, the formulation of a finite element 
is presented and a secant procedure for non-linear analysis is also 
described.
2.1 Analytical formulation
 A theoretical model can be formulated for simulating the 
mechanical behavior of reinforced concrete beams externally 
strengthened by means of FRP materials. The following assump-
tions are made:
• the RC beam behaves to the Bernoulli theory, while FRP 
plate flexural stiffness is neglected and only axial forces 
are considered;
•  the interaction between the two members is realized 
through a continuous, linear behaving and thicknessless 
medium;
•  equal transverse displacements, i.e. deflections, occur in 
the connected members.
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 The partial interaction between beam and FRP results in an 
interface slip s which can be expressed as follows if the above 
hypotheses apply: 
with the symbol reported in Fig. 1 and ; in particu-
lar d is the distance between beam and FRP plate centroids. How-
ever, assuming , it results:
where  is the curvature and  is the flexural stiffness of RC 
beam cross section without considering FRP. 
 The longitudinal shear force per unit length F1 depends linearly 
on the interface slip s:
k being the stiffness constant which characterizes the shear 
connection; it can be obtained by multiplying the adhesive slip 
modulus (namely, transverse stiffness) k
a
 and the width b
f
 of the 
adhesive layer.
Fig. 1: Transverse section of FRP-strengthened RC beam.
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 Using the compatibility equation (1), the equilibrium equation 
(2) and the interface relationship (3), the following second-order 
differential equation in terms of curvature may be obtained:
where  represents the flexural stiffness of the overall cross-
section when no interface slips occur and can be defined as fol-
lows if the above mentioned hypotheses apply:
 The parameter α in equation (4) is defined as follows:
being k the slip modulus of the FRP-to-concrete adhesive inter-
face. 
 The equations briefly outlined above could even be obtained 
by simplifying the equation formulated within the well-known 
Newmark theory, widely utilized for steel-concrete composite 
beams, and neglecting the flexural stiffness of the bottom element 
connected to RC beam.
2.2 Outlines of the finite element formulation
 A finite element can be formulated (among the other pos-
sible choices) implementing the exact solution of the structural 
problem for carrying out linear analyses of RC beams externally 
strengthened by FRP plates. According to the mentioned approach 
a formally “force based” finite element can be derived by directly 
solving equation (4) in order to obtain the various terms of the 
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flexibility matrix D and the vector δ
0
 of nodal displacements due 
to distributed loads. The usual relationship of flexibility-based 
finite elements can be obtained for the simply supported FRP-
strengthened beam element:
X and δ being the vectors of nodal forces and displacements, re-
spectively, whose four components are represented in Fig. 2a.
Fig. 2: Nodal force and displacement components.
 The usual displacement-based relationship which relates nodal 
forces and displacement for the unrestrained FRP-strengthened 
beam (Fig. 2b) can be obtained by inverting the flexibility matrix 
and completing it with nodal shear forces as explained in Faella & 
Al. (2002). The usual relationship between nodal force vectors Q, 
Q
0
, and nodal displacement vectors s (both characterized by the 
six components represented in Fig. 2b) can be written as follows 
by means of the stiffness matrix K:
2.3 Details about the non-linear numerical procedure
 Non linear behavior of the materials constituting the FRP 
strengthened RC beams can be easily introduced by means of fiber 
discretization of the beam cross section and a secant approach. 
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a) simply supported-beam for force based element;      b) unrestrained beam for displacement-based element
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Three non-linear phenomena have to be considered for simulating 
the premature failure possibly due to FRP-to-concrete debonding 
which can occur in an intermediate section or at the FRP cut-off 
section. The first one deals with the overall behavior of concrete in 
compression and tension; the rational formula proposed by Saenz 
is adopted for concrete in compression while a simple linear rela-
tionship up to the tensile stress value is considered for concrete in 
tension (Fig. 3).
 Moreover, accounting for yielding in steel rebars is essen-
tial for modeling intermediate debonding phenomena in FRP-
strengthened beams; the typical stress-strain relationship for steel 
rebars is represented in fig. 4 and will be adopted in the numerical 
analyses. Strain-hardening in steel is actually neglected (even if it 
would be very easy to be introduced in the model) because strain 
values in FRP-strengthened beams are usually not so great for 
strain hardening to be developed in steel rebars.
 The well-established and widely accepted elastic-brittle stress-
strain relationship is assumed for FRP plate (Fig. 5).
Fig. 3. Non-linear stress-strain law  Fig. 4. Stress-strain law for rebar 
for concrete. steel. 
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Fig. 5. Elastic-brittle stress-strain relationship for FRP plate.
Fig. 6. Bi-linear shear stress-interface slip relationshipeterface.
 Finally, shear behavior of the adhesive interface connecting 
FRP laminate or fabric to the soffit of the beam can be described 
by means of the well-known bi-linear elastic-softening curve (fig. 
6) introduced by Holzenkaempfer (1994). The linear branch of the 
interface law is characterized by the shear stiffness k
a
=k/b
f
 which 
can be related to the slip modulus k introduced in eq. (2).
 Fiber discretization (Fig. 7) is considered for cross section in 
order to evaluate the secant stiffnesses of reinforced concrete sec-
tion and the slip modulus of the adhesive interface. 
 The given FRP-strengthened beam is subdivided in n elements 
throughout its axis and, in correspondence of the i-th load step, the 
j-th element is characterized by the initial values of stiffness with 
reference to the beam cross section EI
c,j
(i,0) and EA
c,j
(i,0), the adhe-
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sive interface k
j
(i,0), and the current value of the centroidal distance 
d(i,0) between FRP plate and the effective RC section. Therefore, 
for the i-th load step an iterative procedure must be carried out in 
order to determine the corresponding vector s(i) of nodal displace-
ments; at the k-th iteration, the secant stiffness matrix obtained 
considering the secant values EI
c,j
(i,k), EA
c,j
(i,k) and k
j
(i,k) of the ele-
ments can be obtained and the corresponding displacements s(i,k) 
can be determined:
being Q(i) the nodal forces at the i-th load step (independent by the 
current values of element stiffnesses) and Q
0
(i,k) the nodal forces 
equivalent to the external actions considered at the same i-th load 
level and determined with reference to the k-th values of the ele-
ment secant stiffness. On the bases of the nodal displacements 
obtained by (9) the slip modulus k
j
 is updated to obtain the corre-
sponding secant stiffness k
j
(i,k+1) depending upon the shear-stress-
relative-slip relationship assumed in the analysis and generically 
represented in fig. 6. Moreover, the secant flexural stiffness can be 
evaluated for each element at the end of the k-th iteration by con-
sidering the current bending moment M
j
(i,k) and axial force N
j
(i,k). 
Given the current values of axial strain ε
c,j
(i,k) and curvature χ
j
(i,k) 
of the section, fiber discretization (Fig. 7) of the beam cross sec-
tion allows to determine the corresponding values of the resulting 
internal bending moment M
c,j
(i,k) and axial force N
c,j
(i,k) obtained by 
considering the stress-strain relationships which describe concrete 
and steel behavior. Consequently, the updated values of the beam 
stiffnesses can be determined as follows
,   .
as well as the distance d
j
(i,k+1) can be determined by considering the 
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distance between the effective section of the reinforced concrete 
beams and the FRP plate. 
,   .
Fig. 7. Cross section of the FRP-strengthened beam: relevant 
dimensions and fiber discretization of the reinforced con-
crete portion.
 Finally, all the stiffness parameters needed for defining the ele-
ment secant stiffness matrix K(i,k+1) and the vector of equivalent 
nodal forces Q(i,k+1) can be now determined on the bases of eqs. 
(5)-(7). Convergence under the i-th load step is reached as the dif-
ference between nodal displacements determined after k-th and 
the (k+1)-th iteration are lesser than a given threshold value ∆:
 The analysis can be generally pursued until one of the follow-
ing failure modes is attained:
- concrete crushing, which occurs if the maximum value ε
c
 
measured on the concrete fibers at the convergence of the 
i-th load step achieves its ultimate value ε
cu
;
- steel rupture, occurring if the steel tensile strain ε
s
 reaches 
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the correspondent limit value ε
su
;
- FRP plate tearing, whose occurrence is pointed out if the 
fiber axial strain ε
f
 measured in FRP at convergence of the 
i-th load step achieves its ultimate value ε
fu
;
- FRP debonding, depending on the fact that the maximum 
interface slip reaches the ultimate value considered in the 
shear-stress-interface-slip relationship assumed in the 
analysis.
 Therefore, the proposed model is able to determine the whole 
behavior of RC beams externally strengthened by FRP plates. In 
particular, the following sections are mainly devoted to understand 
the debonding failure mode which can occur in FRP-strengthened 
RC beams. The analyses that will be proposed are basically aimed 
to obtain the value of the external loads which results in debond-
ing failure and the corresponding maximum value of the axial 
strain developed in FRP.
3 VALIDATION OF THE NUMERICAL MODEL
 The current section is devoted to show how the numerical mod-
el formulated in the previous one is able to simulate the behavior 
of the FRP-strengthened beams and their failure mode.
Therefore, a large database of about 30 experimental cases of 
observed intermediate debonding failures, listed in the refer-
ence section, have been collected to assess the accuracy of the 
numerical procedure. The non-linear stress-strain laws introduced 
in the previous section are assumed for concrete and steel bars, 
while elastic-brittle behavior is considered for FRP. The adhesive 
interface is modeled by means of the above mentioned bi-linear 
relationship, whose characteristic parameters are determined ac-
cording to the fib bulletin 14 – approach 2 proposal reported in the 
following:
[MPa]
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 [mm].
 The elastic branch of the stress-slip relationship is assumed by 
considering the shear stiffness of the adhesive layer looking after 
the possible contribution of the concrete cover in terms of flexibil-
ity as explained in [0]. 
 Fig. 8 to Fig. 9 show various cases of simply supported beams 
externally strengthened by FRP and demonstrates how in both 
cases the complete evolution of the displacement-vs-force curve 
can be followed by the numerical procedure which provides also a 
good estimation of the ultimate load and displacement. In particu-
lar, the former one is always reproduced with great accuracy by 
the numerical simulation, while the latter is sometimes affected by 
some errors with respect to the experimental one due to the small 
load gradient at collapse and the direct dependence of the ultimate 
displacement on the ultimate slip value s
u
: due to the lack of in-
formation about interface fracture energy provided by the authors 
of the experiments, it has been assumed on the bases of the fib 
proposal (14).
Fig. 8. Experimental comparison on simply supported beams: 
Load-Deflection curves.
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Fig. 9. Experimental comparison on simply supported beams: 
Load-Deflection curves.
 Fig. 10 is devoted to another of the experimental cases which 
have been found in the scientific literature; a cantilever beam ex-
ternally strengthened by FRP is reported in that work and the main 
results in terms of load-deflection curve are represented in Fig. 11 
demonstrating once more that the numerical procedure is able to 
reproduce the observed behavior resulting in a very refined evalu-
ation of the ultimate load and deflection at debonding.
Fig. 10. Experimental comparison cantilever beams: Load-De-
flection curves.
 The load deflection curves obtained for the other experimental 
cases which have been taken from the scientific literature are not 
represented in the present paper for the sake of brevity. Neverthe-
less, a wider experimental-to-numerical comparison at a glance 
in terms of force, maximum beam deflection and maximum FRP 
axial strain is represented in Fig. 11, Fig. 12 and Fig. 13, respec-
tively.
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 Quite remarkable accuracy is shown in all the three quoted 
figures which compare the experimentally measured parameters 
and the results of the numerical analyses. It is worth to precise 
that all the average values of the mechanical properties have been 
adopted in the numerical analyses when provided by the authors; 
well-established relationships have been utilized sometimes to in-
tegrate the mechanical properties when not completely reported in 
the original papers..
 Fig. 11 shows the complete comparison between experimental 
results and numerical simulation in terms of the maximum beam 
load resulting in debonding; a substantial equivalence can be ob-
served between the experimental and numerical values even if 
they span in a very wide range due to the fact that various struc-
tural schemes, different geometric characteristics and mechanical 
properties have been considered in the database.
 The same accuracy can be observed in Fig. 12 where the exper-
imental-to-numerical comparison is presented in terms of beam 
deflections with reference to the same cases considered above. 
Fig. 11. Experimental vs Numerical comparison in terms of maxi-
mum load at debonding.
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 Finally, Fig. 13 shows FRP maximum strain at debonding, ε
f
, 
which is one of the most important parameter considered in vari-
ous code provisions (i.e., ACI 440, fib bulletin 14 – approach 1, 
and CNR Italian Recommendations) in order to assess the ulti-
mate flexural resistance of the FRP-strengthened beam. In fact 
premature beam flexural collapse may occur due to debonding 
failure which does not allow developing FRP strain up to its tear-
ing rupture. Also in this case the accuracy can be deemed satisfac-
tory, even if the distance between some points and the equivalence 
line is more scattered than in either fig. 12 and fig. 13, due to the 
fact that FRP strain is directly affected by some local phenomena 
and mechanical properties (such as concrete tensile strength and 
interface bond) which can be different throughout the beam axis. 
Consequently, the numerical procedure formulated in the present 
paper can be effectively utilized for simulating the behavior of 
FRP-strengthened beams.
Fig. 12. Experimental vs Numerical comparison in terms of beam 
maximum displacement at debonding.
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Fig. 13. Experimental vs Numerical comparison in terms of FRP 
strain at debonding.
4 DEBONDING FAILURE: THE KEY PARAMETERS
 The numerical procedure presented in the previous sections has 
been utilized for carrying out a very wide parametric analysis to 
exploring the significant cases of RC beams strengthened by ex-
ternally bonded FRP plates or fabrics. The following parameters 
and the corresponding ranges have been considered:
- concrete compressive strength f
ck
 , which controls both 
the concrete stress-strain relationship and the shear stress-
interface slip law. The relationships assumed for charac-
terizing these two (generalized) stress-strain laws can be 
taken from the mentioned companion paper. With the aim 
of covering a significant parametric field, the value of f
ck
 
ranges between 20 and 40 MPa;
- rebar steel yielding stress f
sy
 , which plays a key role in 
affecting the intermediate debonding failure; it has been 
taken between 215 and 375 MPa, that can be usually found 
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in members of existing RC structures;
- FRP Young Modulus E
f
 , which has been assumed to range 
between 140000 and 220000 MPa, covering all the field 
of carbon fiber plates and fabrics usually more utilized in 
flexural strengthening than glass fiber materials;
- beam cross section height h, which ranges between 250 
and 500 mm, as usual for common beams and slabs in or-
dinary buildings;
- FRP plate section, whose values have been assumed on the 
bases of the current value of the beams cross-section area 
A
c
, ranging between 0.0005 A
c
 and 0.0015 A
c
;
- FRP plate width b
f
, which ranged between 75 and 125 
mm;
- steel rebar area , whose values have been assumed on the 
bases of the current value of the beams cross section area 
A
c
 , ranging between 0.0015 A
c
 and 0.015 A
c
;
- beam span length , ranging between 3000 and 7000 mm.
 The maximum FRP strain ε
f,max
 attained throughout the beam 
under the ultimate load as been regarded for determining if wheth-
er or not premature failure occurs. In particular, intermediate 
debonding failure occurs if  ε
f,max
 is less than the FRP ultimate ten-
sile strain ε
f,u
.
 A substantially decreasing trend can be observed in FRP axial 
strain ε
f,max
 with respect to its specific axial stiffness E
f
t
f
. ACI 440 
provisions are basically founded on this correlation between ε
f,max
 
and E
f
t
f
, whatever be the other beam and FRP properties, in partic-
ular  those concerning with the FRP-to-concrete adhesion, which 
plays a direct role in controlling debonding crisis (Fig. 14).
 The same points represented in Fig. 14 are also reported in Fig. 
15 by distinguishing the various them in terms of the energy frac-
ture G
f
 adopted in the analyses. Three bundles can be observed in 
the figure, each one characterized by a dispersion lesser than the 
one of the complete series of data; in particular, as expected, the 
higher is the fracture energy value, the greater becomes the FRP 
strain developed in FRP at debonding.
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Fig. 14. Maximum FRP strain at debonding vs FRP specific axial 
stiffness.
Fig. 15. Maximum FRP strain at debonding vs FRP specific axial 
stiffness: the role of fracture energy.
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 Therefore, the previous figures pointed out the relationship be-
tween two parameters (namely, E
f
t
f
 and E
f
t
f
/2G
f
) which are already 
considered in some simplified formulae. 
 The role of further parameters can be emphasized making use 
of the results of the parametric analysis.
 In Fig. 16 three boundless characterized by different ranges 
of steel mechanical ratio ω
s
 have been represented. The average 
curves drawn to put in evidence the trend of variation of each 
bundle with respect to the parameter reported on the x-axis show 
that the FRP maximum strain at debonding increases as the steel 
mechanical ratio decreases. 
Fig. 16. Maximum FRP strain at debonding for different values of 
steel “mechanical ratio” ω
s
.
 All the cases considered in the parametric analysis refer to a 
simply supported beam under a uniformly distributed load, which 
represents one of the most common load conditions. On the con-
trary, the experimental results are usually obtained under concen-
trated loads resulting in three or four points bending schemes. 
Moreover, code provisions and other simplified proposals usu-
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ally derive by calibrating the coefficients of simplified analyti-
cal relationships with respect to the corresponding experimental 
results. Nevertheless, it is interesting to underline that maximum 
axial strain developed in FRP at debonding is hugely affected by 
load conditions. Some of the beams considered in the parametric 
analysis of the previous paragraph have been studied even under 
four-point-bending conditions with a/L=1/3. Fig. 17 shows how 
different are the ε
f,max
 values obtained under a uniformly distribut-
ed load and two concentrated forces. In particular, ε
f,max
 values ob-
tained in the case of distributed load are usually greater than those 
determined under concentrated loads. In fact, being intermediate 
debonding failure basically controlled by interface shear stresses 
in correspondence of yielded sections of RC beams, concentrated 
load schemes, characterized by uniform values of shear force, 
exhibit performances worse than those obtained under uniformly 
distributed load.
Fig. 17. Load scheme effect on FRP axial strain at debonding
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5 CONCLUSIONS
 A numerical model has been formulated for simulating the 
whole flexural behavior of FRP-strengthened RC beams. Non-lin-
ear stress-strain relationships have been considered for modeling 
the behavior of the structural materials and the adhesive interface. 
The numerical procedure carried out implementing an iterative 
secant algorithm to follow the various non-linear relationships 
introduced for simulating FRP-strengthened beam in flexure is 
numerically efficient. Moreover, a sensitivity analysis, usually a 
key test for a finite element model especially when non-linear (and 
softening) stress-strain relationships are considered in the analy-
sis, has been performed; it showed that no relevant mesh-depend-
ence exists when the discretization is refined as usual in non-linear 
problems.
 A wide section of the present paper has been devoted to vali-
date the mentioned model in order to assess its ability and accu-
racy in reproducing the experimentally observed behavior. The 
proposed experimental-to-numerical comparisons have shown the 
remarkable precision of the model in simulating the evolution of 
the structural behavior and predicting the failure mode.
 The numerical procedure presented and validated in the paper 
has been utilized as a powerful tool to extend the experimental 
data, reaching a number of cases which is far larger than the one 
realizable in a laboratory for practical reasons. Consequently, the 
influence of the various parameters has been briefly investigated 
to understand their role and quantifying their importance. Some of 
these parameters have been already considered in various simpli-
fied proposals, while other parameters have not yet been consid-
ered and further studies are needed for quantifying its effect on 
debonding failure.
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